Stellar Dynamics around a Massive Black Hole I: Secular Collisionless
  Theory by Sridhar, S. & Touma, Jihad R.
ar
X
iv
:1
50
9.
02
39
7v
2 
 [a
str
o-
ph
.G
A]
  6
 M
ar 
20
16
Mon. Not. R. Astron. Soc. 000, 000–000 (0000) Printed 10 September 2018 (MN LATEX style file v2.2)
Stellar Dynamics around a Massive Black Hole I:
Secular Collisionless Theory
S. Sridhar
1,3
and Jihad R. Touma
2,4
1 Raman Research Institute, Sadashivanagar, Bangalore 560 080, India
2 Department of Physics, American University of Beirut, PO Box 11-0236, Riad El-Solh, Beirut 11097 2020, Lebanon
3 ssridhar@rri.res.in 4 jt00@aub.edu.lb
10 September 2018
ABSTRACT
We present a theory in three parts, of the secular dynamics of a (Keplerian)
stellar system of mass M orbiting a black hole of mass M• ≫ M . Here we
describe the collisionless dynamics; Papers II and III are on the (collisional)
theory of Resonant Relaxation. The mass ratio, ε = M/M• ≪ 1, is a natu-
ral small parameter implying a separation of time scales between the short
Kepler orbital periods and the longer orbital precessional periods. The colli-
sionless Boltzmann equation (CBE) for the stellar distribution function (DF)
is averaged over the fast Kepler orbital phase using the method of multiple
scales. The orbit–averaged system is described by a secular DF, F , in a re-
duced phase space. F obeys a secular CBE that includes stellar self–gravity,
general relativistic corrections up to 1.5 post–Newtonian order, and external
sources varying over secular times. Secular dynamics, even with general time
dependence, conserves the semi–major axis of every star. This additional in-
tegral of motion promotes extra regularity of the stellar orbits, and enables
the construction of equilibria, F0, through a secular Jeans theorem. A lin-
earized secular CBE determines the response and stability of F0. Spherical,
non–rotating equilibria may support long–lived, warp–like distortions. We also
prove that an axisymmetric, zero–thickness, flat disc is secularly stable to all
in–plane perturbations, when its DF, F0, is a monotonic function of the an-
gular momentum at fixed energy.
Key words: galaxies: kinematics and dynamics — galaxies: nuclei — Galaxy:
center
1 INTRODUCTION
Massive black holes (MBHs), consuming gas and stars, are believed to be responsible for the radiant
power of quasars and other active galactic nuclei (Rees 1984; Krolik 1999). There is also dynamical
evidence for MBHs with masses M• in the range 10
5 − 1010M⊙ in the nuclei of more nearby
galaxies (Kormendy & Ho 2013). Coevolution (or otherwise) of a MBH and its host galaxy has
been discussed using many studies of correlations of M• with galaxy properties (Kormendy & Ho
2013; Heckman & Best 2014). Ground–based observations provided the first dynamical evidence for
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MBHs in nearby galaxies (Kormendy & Richstone 1995). They also revealed nuclear star clusters
where stellar number densities far exceeded those of globular clusters. Early work on the stellar
dynamics of galactic nuclei considered several aspects of the interactions between the MBH and its
stellar environment: feeding of stars to a MBH through two–body relaxation (Bahcall & Wolf 1976;
Cohn & Kulsrud 1978); the effect of the adiabatic growth of a MBH on the formation of stellar
density cusps (Young 1980), and on stellar orbits (Goodman & Binney 1984); destruction by a MBH
of the regularity of stellar orbits in the inner parts of triaxial galaxy (Gerhard & Binney 1985).
With the Hubble Space Telescope spatially resolved kinematics, of the dense nuclear clusters of stars
populating the MBH’s sphere of influence, became available. Recent ground–based observations
with adaptive optics have resolved the sphere of influence of the MBH at our Galactic Centre so well,
that the orbits of many individual stars are now being followed (Genzel, Eisenhauer & Gillessen
2010).
Our interest is in these dense stellar systems in galactic nuclei lying within the sphere of
influence of the MBH. Following Tremaine (2005) we may consider a stellar system orbiting a
MBH to be Keplerian1 when the gravitational force, over a large range of radii, is dominated by
the MBH, and the dominant non–Keplerian force arises from the self–gravity of all the stars. In
the absence of self–gravity the orbit of a star follows a closed Kepler ellipse around the MBH,
because the radial and azimuthal frequencies are equal to each other (i.e. they are “degenerate”
or “resonant”). When the small self–gravity of the cluster is taken into account, the orbit of a
star is usefully represented by its instantaneous osculating Kepler ellipse, which evolves slowly over
secular time scales that are much longer than the fast orbital times around the MBH. Progress in
the understanding of the dynamics of Keplerian stellar systems can perhaps be traced to two papers:
Tremaine (1995) on the structure of the (then) double nucleus of the Andromeda galaxy (M31), and
Rauch & Tremaine (1996) on the role of resonant relaxation in stellar systems with degenerate (or
resonant) frequencies. The former has stimulated much work on (collisionless) dynamics whereas
the latter proposed a new and efficient (collisional) relaxation process called Resonant Relaxation,
which is the statistical mechanics of Keplerian stellar systems. Two decades of research has paved
the way for the construction of triaxial, even lopsided, equilibria around MBHs, and simplified
the modeling, stability analysis, and numerical simulation of nuclear star clusters. We now have
a better appreciation of the dynamics and the statistical mechanics of Keplerian star clusters,
and of the additional role of the MBH as a consumer of stars. But the whole subject lacks a
clearly formulated and general mathematical foundation. Our aim is to fill this gap and provide
a secular theory of the structure and evolution of Keplerian stellar systems, described by the slow
time evolution of a secular distribution function (DF), defined in a reduced phase space. Here
(Paper I) we derive the (collisionless) theory describing their dynamics, beginning with the standard
description of collisionless stellar systems given in Binney & Tremaine (2008). In Sridhar & Touma
(2015; Paper II) we deal with their (collisional) statistical mechanics and present a first–principles
theory of resonant relaxation based on Gilbert (1968). This is then applied in Sridhar & Touma
(2016; Paper III) to the physical kinetics of axisymmetric, zero–thickness, flat discs.
The sketch of a model offered in Tremaine (1995) — for a lopsided Keplerian disc of stars around
a MBH in the nucleus of M31 — has since been fleshed out in a number of numerical models (Statler
1999; Bacon et al. 2001; Salow & Statler 2001; Sambhus & Sridhar 2002; Peiris & Tremaine 2003;
Salow & Statler 2004; Kazandjian & Touma 2013; Brown & Magorrian 2013). This has brought to
the forefront deep and interesting questions regarding the general nature of secular collisionless
evolution. Below we give a brief time–line of developments in the secular collisionless dynamics of
1 Tremaine (2005) uses the term “near–Keplerian”; we have shortened it to Keplerian.
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Keplerian stellar systems. Work in this field may be broadly divided into explorations of orbital
dynamics, construction of stationary DFs, linear stability of stationary DFs, and the nonlinear
evolution of the DF.
Orbital Dynamics: The orbital structure of model galactic–type potentials with a central MBH
was studied in Sridhar & Touma (1997a,b); Merritt & Valluri (1999). Sridhar & Touma (1999)
imported the Gaussian orbit–averaging methods of celestial mechanics into stellar dynamics within
the sphere of influence of a MBH. In this procedure a stellar orbit is averaged over the (fast–
varying) orbital phase of the corresponding osculating Kepler ellipse, a direct consequence of which
is the near conservation of the semi–major axis of the stellar orbit. Since there arises an extra
(approximate) integral of motion, they concluded that a MBH promotes extra order on stellar
orbits within their sphere of influence. Orbit–averaging takes us to a reduced phase space describing
secular dynamics: this is the theatre of the coupled evolution of the orbital angular momentum
and Lenz vectors — giving the eccentricity and spatial orientation of the orbit — keeping fixed the
semi–major axis. Studying orbits in planar, lopsided model disc potentials, they found a family of
stable orbits that were lopsided in the same sense as the disc potential. The more complex orbital
structure of triaxial systems was also studied in a number of papers: see e.g. Sambhus & Sridhar
(2000); Poon & Merritt (2001); Merritt & Vasiliev (2011). Of particular interest is a family of
centrophilic orbits that bring stars close to the MBH. These are reviewed in Merritt (2013), which
also offers a treatment of the post–Newtonian (relativistic) effects of the MBH on stellar orbital
dynamics.
Linear Stability of Stationary DFs: Stationary DFs are often taken as first approximations
for describing the nuclear star clusters, and their stability to small perturbations is an important
question. This is, in general, a difficult problem because the long–range nature of gravitational
interactions leads to an integral eigenvalue problem. Two types of stellar systems have been studied:
(a) Zero–thickness flat discs, and (b) Spherical non–rotating systems.
(a) Linear Stability of Discs: Sridhar, Syer & Touma (1999) used the Laplace–Lagrange
secular theory to study slow, lopsided m = 1 modes (where m is the azimuthal wavenumber) of
cold stellar discs around MBHs. Lee & Goodman (1999) considered nonlinear m = 1 spiral density
waves in fluid discs, and used a variational method to derive the dispersion relation and angu-
lar momentum fluxes. The numerical simulations of Jacobs & Sellwood (2001) provided evidence
for long–lived lopsided modes. Tremaine (2001) demonstrated that a variety (fluid, stellar and
softened–gravity) of rotating discs were neutrally stable to m = 1 modes in the Wentzel–Kramers–
Brillouin (WKB) limit. He formulated a linear integral eigenvalue problem for softened–gravity
discs, and demonstrated that all m = 1 modes were neutrally stable; the problem was also solved
numerically to determine the eigenfrequencies and eigenfunctions. Jalali & Tremaine (2012) de-
rived the WKB dispersion relationship for slow modes in a collisionless disc with a Schwarzschild
DF and showed that modes of all m were stable. Touma (2002) presented a Laplace–Lagrange
theory for discs composed of softened Gaussian wires, confirmed the stability result of Tremaine
(2001) for prograde discs, and also demonstrated that counter–rotating discs were unstable to slow,
lopsided modes; a possible origin of the lopsided nuclear disc of M31 may be through such an
instability. Sambhus & Sridhar (2002) built on this to include a retrograde population of stars in
their planar model of the nuclear disc of M31, and suggested that this population could arise nat-
urally through an accretion event. Tremaine (2005) considered stellar discs with DFs even in the
angular momentum, and empty loss cones (i.e. DF is zero at zero angular momentum). Using the
variational principle of Goodman (1988) he argued that many of them are likely to be unstable
to m = 1 modes. Polyachenko, Polyachenko & Shukhman (2007) considered mono–energetic discs
dominated by nearly radial orbits, and found that they are prone to loss cone instabilities of all m,
c© 0000 RAS, MNRAS 000, 000–000
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if there is some amount of counter–rotating stars. Sridhar & Saini (2010) derived the instability of
m = 1 modes of softened–gravity, counter–rotating discs in the WKB limit. Gulati, Saini & Sridhar
(2012) studied the linear integral eigenvalue problem for these discs and determined eigenvalues,
precession frequencies and growth rates.
(b) Linear Stability of Spherical Non–rotating Systems: Tremaine (2005) formulated
the eigenvalue problem for the linear secular modes of spherical non–rotating systems and deter-
mined the following: (i) Modes with arbitrary l (where l is the latitudinal wavenumber) are of
two types — either pairs of modes that are damped and growing in time, or pairs of oscillatory
modes; (ii) Lopsided l = 1 modes are stable when the DF is either a decreasing function of angu-
lar momentum (at fixed energy), or the DF is an increasing function of angular momentum and
has a non–empty loss cone; (iii) DFs that are increasing functions of angular momentum with
an empty loss cone are neutrally stable to an l = 1 mode that corresponds to a uniform dis-
placement. Polyachenko, Polyachenko & Shukhman (2007) considered a loss–cone instability for
mono–energetic spherical stellar systems dominated by nearly radial orbits. They found that DFs
which are non monotonic functions of the angular momentum may be unstable to modes with
l > 3 linear perturbations; a necessary condition for instability is the retrograde precession of
orbits, which obtains naturally in such clusters.
Nonlinear evolution of the DF : Numerical studies of the collisionless dynamics of Keple-
rian stellar systems have been more limited than their galactic counterparts. This is partly be-
cause observations are not yet precise enough to finely resolve the sphere of influence of central
black holes (the Galactic center and M31’s nucleus being the exceptions), and partly because
the kind of N–body simulations required to resolve the collisionless regime are computationally
costly when a massive central body is present. Schwarzschild–type methods have been used to con-
struct non–axisymmetric equilibria, both kinematic (Peiris & Tremaine 2003) and self-consistent
(Poon & Merritt 2001; Sambhus & Sridhar 2002; Brown & Magorrian 2013)). Early numerical sim-
ulations (Bacon et al. 2001; Jacobs & Sellwood 2001) showed collisionless relaxation of perturbed
stellar discs. Touma, Tremaine & Kazandjian (2009) built a numerical algorithm which is partic-
ularly suited to the numerical exploration of secular clusters. This is based on a generalization of
an orbit–averaging algorithm, first introduced by Gauss, to systems with Plummer–softened inter-
actions. The simulations proceed over secular time steps, in a vectorial framework which avoids
singularities in the usual Keplerian elements. Averaging of force evaluations, which is costly, is
ideal for parallel computations on a Beowulf cluster with or without GPU option. Their work
explored various violent regimes of secular interactions, and provides the first evidence for colli-
sionless relaxation of secularly unstable counter–rotating clusters into lopsided configurations. The
(fully nonlinear) collisionless Boltzmann equation (CBE) for secular evolution was presented in
Touma & Sridhar (2012), and used to explore the nonlinear, collisionless dynamics of counter–
rotating discs. Kazandjian & Touma (2013) performed N–body simulations of unstable counter–
rotating 3–dim clusters, and demonstrated that they relax collisionlessly into triaxial lopsided
configurations; these appear to be promising models of the lopsided stellar nucleus of M31.
We are now in a position to bring all the work together under a general framework, describing
the secular collisionless evolution of Keplerian stellar systems. We begin in § 2 by casting the
standard collisionless Boltzmann equation for the phase space DF in the Delaunay action–angle
variables (which are natural phase space coordinates for the pure Kepler problem). In § 3 the
method of multiple scales is used to derive an explicit functional form for the DF. Complementing
this is Appendix A on canonical perturbation theory applied to an individual stellar orbit. In § 4
self–gravity is augmented by relativistic corrections and external gravitational perturbations, to
obtain the secular CBE governing the evolution of the secular DF. A secular Jeans theorem is
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proved in § 5, and used to discuss secular equilibria. Linear secular perturbations and stability are
discussed in § 6, where some results are presented for two types of systems: (a) Spherical non–
rotating systems; (b) Zero–thickness flat axisymmetric discs. Concluding remarks are offered in
§ 7.
2 COLLISIONLESS EVOLUTION OF KEPLERIAN STELLAR SYSTEMS
In a Keplerian stellar system the gravitational force over a large range of radii is dominated by
the MBH, and the dominant non–Keplerian force arises from the self–gravity of all the stars. The
MBH also plays an additional role in destroying stars on orbits with near–zero angular momentum,
through tidal disruption or being swallowed whole. Let us consider such a system composed of a
large number (N ≫ 1) stars, of total mass M and size R, orbiting a MBH of mass M•. Then we
must have (1) ε ≡ (M/M•) ≪ 1 , and (2) R≫ r• ≡ 2GM•/c2 such that (r•/R)≪ ε; this ensures
that, over most of the cluster, stellar self–gravity dominates relativistic corrections to the MBH’s
gravity. Then ε is the natural small parameter for the dynamics of non–relativistic star clusters.
The important time scales in the life of a Keplerian stellar system are: (i) The short Kepler
orbital timescale, Tkep = 2pi
(
R3/GM•
)1/2
; (ii) The longer secular timescale, Tsec , over which the
stars behave as if they were Keplerian Ellipses being torqued collisionlessly by the mean gravi-
tational field of the cluster; (iii) The resonant relaxation timescale, Tres , over which the angular
momenta (but not the energies) of stellar orbits diffuse due to gravitational collisions between stars;
(iv) The 2–body relaxation timescale, Trelax, over which both the energies and angular momenta
of the stellar orbits diffuse, due to gravitational collisions between stars. The different time scales
are related to each other by, Tkep : Tsec : Tres : Trelax = 1 : ε
−1 : Nε−1 : Nε−2 .2 For galactic nuclei
of interest Trelax is usually greater than the Hubble time, so the usual 2–body relaxation process
is not important. However, Tres can be less than the Hubble time, so there are three regimes of
interest:
• Short times (t . few Tkep ≪ Tsec ) during which there are variations in the stellar distribution
over Kepler orbital times. These have indeed been directly observed in our Galactic Centre. The
general theory is undeveloped and could be important for understanding the first phase of the
collisionless relaxation of a star cluster, were it to form in the sphere of influence of the MBH. This
regime is not studied in this paper.
• Intermediate times (Tkep ≪ t ∼ few Tsec ≪ Tres) over which the cluster behaves collision-
lessly. This secular regime is the focus of the present work (Paper I).
• Long times (Tsec ≪ t ∼ few Tres ≪ Trelax) over which the system evolves collisionally due to
resonant relaxation. This is explored in Papers II and III.
The two Keplerian systems that have been studied best are also the closest ones, in which the sphere
of influence of the MBH is well–resolved (Kormendy & Ho 2013). The Galactic Centre MBH has
an estimated mass of ∼ 4.6 × 106 M⊙ (Yelda et al. 2014), and is surrounded by many young and
old stars, with ε ∼ 10−2 − 10−1 depending on what substructure is being studied. The ‘triple
nucleus’ of M31 has a MBH of mass ∼ 1.4× 108 M⊙ (Bender et al. 2005), with a similar values of
ε, depending on where the disc edge is located. One may ask if these values of ε are small enough.
For M31 the answer seems to be in the affirmative because, as discussed earlier, the Keplerian
disc model provides a natural explanation of the lopsidedness in terms of the trapping of orbits
2 This estimate of Tres applies to the diffusion of the magnitude of angular momentum, or scalar resonant relaxation. Loga-
rithmic corrections have been neglected in the estimate for Trelax.
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by self–gravity. The orbits of many individual stars close to the Galactic Centre MBH have been
determined, and for these the dynamics is certainly Keplerian. Disc–like structures have also been
observed, e.g. Yelda et al. (2014), but secular theory has not progressed to the stage of making
clear predictions that can be tested.
2.1 Collisionless Boltzmann equation in the Delaunay variables
Let r be the position of a test star relative to the MBH, t be the time variable, and u = (dr/dt)
be the relative velocity. A large N stellar system can be described at time t by f(r,u, t), the
distribution function (DF) in the 6–dim single–particle phase space {r,u}. The DF is positive and,
when the MBH is not considered a sink of stars, the total mass of the stellar system is conserved.
Then the DF can be normalized for all time:∫
f(r,u, t) dr du = 1, (1)
making f a (single–particle) probability distribution function. The gravitational force experienced
by a star is due to the MBH and all the other stars. Per unit mass the former is −GM•rˆ/r2 ,
and the latter can be written as −∂(εϕ)/∂r where εϕ(r, t) is the mean–field self–gravitational
potential given by,
ϕ(r, t) = −GM•
∫
f(r′,u′, t)
|r − r′| dr
′ du′ . (2)
We write the acceleration of the MBH due to all the stars as εA•(t), where
A•(t) = GM•
∫
f(r,u, t)
rˆ
r2
dr du . (3)
Note that ϕ and A• have been defined such that they are O(1) quantities. Then the relative
acceleration of a star (with respect to the MBH) is obtained by subtracting the acceleration of the
MBH from the net gravitational force (per unit mass) on the star:
du
dt
= − GM•
r2
rˆ − ε∂ϕ
∂r
− εA• . (4)
The stellar system may be regarded as collisionless over times shorter than the relaxation times
for exchanging energy or angular momentum through stellar gravitational encounters. Then the
time evolution of the DF is governed by the collisionless Boltzmann equation (CBE):
df
dt
≡ ∂f
∂t
+
dr
dt
·
∂f
∂r
+
du
dt
·
∂f
∂u
=
∂f
∂t
+ u·
∂f
∂r
+
(
− GM•
r2
rˆ − ε∂ϕ
∂r
− εA•
)
·
∂f
∂u
= 0 .
It can be verified that the CBE preserves the normalization of eqn.(1). Using Poisson Brackets
(PBs), the CBE can be rewritten compactly as:
∂f
∂t
+ [ f , Horg ](6) = 0 , (5)
where
Horg(r,u, t) =
u2
2
− GM•
r
+ εϕ(r, t) + εr·A•(t) (6)
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is the Hamiltonian, and [ , ](6) is the 6–dim PB defined by:
3
[ f , Horg ](6) =
∂f
∂r
·
∂Horg
∂u
− ∂f
∂u
·
∂Horg
∂r
. (7)
The Hamiltonian Horg of eqn.(6) is the sum of an O(1) term Ek =
(
u2/2−GM•/r
)
which is the
Keplerian orbital energy, and an O(ε) term ε(ϕ + r·A•) which comes from the gravity of all the
stars. Then the CBE can be written as:
∂f
∂t
+ [ f , Ek ](6) + ε [ f , ϕ+ r·A• ](6) = 0 , (8)
Since the Keplerian part is dominant, it is convenient to change the canonical variables from {r,u}
to new ones, the Delaunay variables in which the Kepler motion of every star appears simplest.
The Delaunay variables, D ≡ {I, L, Lz ;w, g, h}, are a set of action–angle variables for the Kepler
problem (Plummer 1960; Murray & Dermott 1999; Binney & Tremaine 2008). The three actions
are: I =
√
GM•a ; L = I
√
1− e2 the magnitude of the angular momentum; and Lz = L cos i
the z–component of the angular momentum. The three angles conjugate to them are, respectively:
w the orbital phase; g the angle to the periapse from the ascending node; and h the longitude
of the ascending node. When expressed in terms of the D variables, the Keplerian orbital energy
assumes the simple and degenerate form Ek(I) = −1/2(GM•/I)2. Hence for the Kepler problem
all the Delaunay variables, excepting the orbital phase w, are constant in time; w itself advances
at the rate
Ωk(I) =
dEk
dI
=
(GM•)
2
I3
. (9)
In terms of the D variables, the 6–dim PB between two functions, χ1(D) and χ2(D) , is:
[χ1 , χ2 ](6) =
(
∂χ1
∂w
∂χ2
∂I
− ∂χ1
∂I
∂χ2
∂w
)
+
(
∂χ1
∂g
∂χ2
∂L
− ∂χ1
∂L
∂χ2
∂g
)
+
(
∂χ1
∂h
∂χ2
∂Lz
− ∂χ1
∂Lz
∂χ2
∂h
)
.
(10)
The first PB in eqn.(8) is [ f , Ek ](6) = Ωk (∂f/∂w) . In the second PB, ϕ and A• have to be
first expressed in terms of the D variables. For this we need to rewrite the phase–space integrals
of eqns.(2) and (3) in the D variables. The DF is f(D, t) and dr du = dD ≡ dI dL dLz dw dg dh .
Lastly, the position vector r(D) = (x, y, z) is given by (Plummer 1960; Murray & Dermott 1999;
Sambhus & Sridhar 2000):

x
y
z


=


CgCh − CiShSg −SgCh − CiShCg SiSh
CgSh + CiChSg −SgSh + CiChCg −SiCh
SiSg SiCg Ci




a(Cη − e)
a
√
1− e2 Sη
0


(11)
where S and C are shorthand for sine and cosine of the angles given as subscript. Here a is the
semi–major axis; η is the eccentric anomaly, related to the orbital phase through w = (η− e sin η) ;
e =
√
1− L2/I2 is the eccentricity; and i is the inclination angle determined by cos i = (Lz/L) .
It is also useful to note that r =
√
x2 + y2 + z2 = a(1 − e cos η) . Then eqns.(2) and (3) take the
form:
ϕ(D, t) = −GM•
∫
f(D′, t)
|r − r′| dD
′ , A•(t) = GM•
∫
f(D, t) rˆ
r2
dD , (12)
where r = r(D) and r′ = r(D′) are given in eqn.(11). Then the CBE of eqn.(8) in the D variables
3 We have used the subscript ‘6’ for the full PB because, in much of this paper, we will use a reduced PB (without subscript)
— see eqns.(21) and (22) — that operates in a 4–dim subspace.
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is:
∂f
∂t
+ Ωk
∂f
∂w
+ ε [ f , ϕ + r·A• ](6) = 0 . (13)
This form of the CBE makes apparent two natural time scales in the problem: (i) the Kepler
orbital period Tkep = 2pi/Ωk , on which the phase w varies, and (ii) the longer secular time scale
Tsec = ε
−1Tkep . In the next section we orbit–average the CBE over the fast orbital phase w, and
obtain a reduced CBE describing secular evolution.
3 ORBIT–AVERAGING VIA THE METHOD OF MULTIPLE SCALES
Since there are two well–separated time scales
(
Tkep and Tsec = ε
−1Tkep ≫ Tkep
)
in the problem,
it is convenient to analyze the CBE of eqn.(13) using the method of multiple scales (MMS) — see
e.g. Bender & Orszag (1978) for a general introduction. The MMS proceeds by assuming that all
relevant quantities — like the DF, potential etc — are functions of two time variables, t and τ = εt,
whose variations are treated as independent. This is an artifice whose efficacy is proved when, on
obtaining an MMS solution, we set τ = εt to get the desired solution to the full CBE eqn.(13);
thus we write f = f(D, t, τ) , ϕ = ϕ(D, t, τ) , A• = A•(t, τ) . Then, replacing the time derivative
(∂/∂t) in the full CBE of eqn.(13) by (∂/∂t+ ε ∂/∂τ) we obtain the MMS–CBE :
∂f
∂t
+ ε
∂f
∂τ
+ Ωk
∂f
∂w
+ ε [ f , ϕ + r·A• ](6) = 0 . (14)
The next step in the MMS is to seek a solution to eqn.(14) that describes secular evolution
plus small fluctuations. Then the dominant part of the DF must be independent of the fast time
t, as well as the fast orbital phase w. Let us now gather the remaining 5 Delaunay variables and
call them R ≡ {I, L, Lz ; g, h} . A point in 5–dim R–space represents a Keplerian ellipse of given
semi–major axis, eccentricity, inclination, periapse angle and nodal longitude. Henceforth such an
ellipse will be referred to as a Gaussian Ring or simply Ring. We want to imagine secular evolution
of N ≫ 1 stars as the evolution of N ≫ 1 Gaussian Rings over times ∼ Tsec . Hence, to O(1), the
DF we seek must be a function only of the variables (R, τ). With these considerations we begin
with the following ansatz for the DF, as a Fourier expansion in w :
f(D, t, τ) = 1
2pi
F (R, τ) + ε
2pi
∞∑
n=−∞
fn(R, t, τ) exp [inw] + O(ε2) , (15)
where F > 0 is the O(1) secular DF, and the O(ε) fluctuation is given by its Fourier–coefficients
f−n = f
⋆
n .
We will derive equations for F and all the fn by substituting the expansion of eqn.(15) in the
MMS–CBE eqn.(14), and ignoring O(ε2) terms. To do this we take the following preparatory steps:
(a) The quantities, ϕ(D, t, τ) and A•(t, τ), are needed only to O(1), which implies that we can set
f → (2pi)−1 F (R, τ) in eqns.(12).
(b) To O(1) the self–consistent potential is independent of t, and is given by:
ϕ(D, τ) = −GM•
∫
F (R′, τ) dR′
∮
dw′
2pi
1
|r − r′| , (16)
where on the left side we have dropped the dependence on the fast time. Fourier–expanding the
right side in w, the potential can be written as:
ϕ(D, τ) = Φ(R, τ) +
∑
n 6=0
ϕn(R, τ) exp [inw] , (17)
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where
Φ(R, τ) =
∫
dR′ F (R′, τ)Ψ(R,R′) ; (18a)
ϕn(R, τ) =
∫
dR′ F (R′, τ)ψn(R,R′) , (18b)
with the Ring–Ring interaction potential functions given by
Ψ(R,R′) = −GM•
∮ ∮
dw
2pi
dw′
2pi
1
|r − r′| , (19a)
ψn(R,R′) = −GM•
∮ ∮
dw
2pi
dw′
2pi
exp [−inw]
|r − r′| , n 6= 0 . (19b)
Note that ϕ−n = ϕ
⋆
n and ψ−n = ψ
⋆
n , because Φ and Ψ are real quantities.
(c) Using dD = dRdw in the second of eqns.(12), we get:
A• = GM•
∫
F (R′, τ) dR′
∮
dw
2pi
rˆ
r2
= 0 , (20)
because
∮
dw rˆ/r2 = 0 , by the conservation of angular momentum along a Kepler orbit. So we can
drop the r·A• term in the PB of eqn.(14).
(d) The 6–dim PB of two functions, χ1(D) and χ2(D), can be expanded as:
[χ1 , χ2 ](6) =
(
∂χ1
∂w
∂χ2
∂I
− ∂χ1
∂I
∂χ2
∂w
)
+ [χ1 , χ2 ] , (21)
where the PB on the right side (without subscript),
[χ1 , χ2 ] =
(
∂χ1
∂g
∂χ2
∂L
− ∂χ1
∂L
∂χ2
∂g
)
+
(
∂χ1
∂h
∂χ2
∂Lz
− ∂χ1
∂Lz
∂χ2
∂h
)
, (22)
is the 4–dim PB, whose action is restricted to the 4 dimensional I = constant surfaces in the 5
dimensional Ring–space. In particular, for two functions χ1(R) and χ2(R) , the 6–dim PB equals
the 4–dim PB: [χ1 , χ2 ](6) = [χ1 , χ2 ] .
When eqns.(15) and (17) are substituted in the MMS–CBE eqn.(14), all the O(1) terms are
zero. Collecting the O(ε) terms we get:
∂f0
∂t
+
∂F
∂τ
+ [F , Φ ] = 0 ; (23a)
∂fn
∂t
+ inΩk fn = in
(
∂F
∂I
ϕn +
i
n
[F , ϕn ]
)
, n 6= 0 . (23b)
The second and third terms on the left side of eqn.(23a) are independent of the fast time t, so
it is necessary that ∂f0/∂t also be independent of t. Then the general solution is f0(R, t, τ) =
λ0(R, τ) + b(R, τ) t, where λ0 and b are arbitrary real functions of R and τ . However, |f0| is an
increasing function of t when b 6= 0. A cornerstone of the MMS is the requirement that physically
admissible solutions must not grow on the fast time scale. This implies that b = 0, and the MMS
solution of eqn.(23a) is:
∂F
∂τ
+ [F , Φ ] = 0 , (24a)
f0(R, t, τ) = λ0(R, τ) . (24b)
Eqn.(24a) is the desired secular CBE for F (R, τ), and is studied in more detail in the next two
sections. From eqn.(24b) we see that our O(ε) MMS theory only requires f0 to independent of t,
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while letting it be an arbitrary real function of R and τ . The right side of eqn.(23b) is independent
of t, and it is straightforward to write down the general solution:
fn(R, t, τ) = 1
Ωk
(
∂F
∂I
ϕn +
i
n
[F , ϕn ]
)
+ λn(R, τ) exp [−inΩkt] , n 6= 0 , (25)
where the λn are arbitrary functions of R and τ , with λ−n = λ⋆n . Substituting eqns.(24b) and (25)
in eqn.(15), the general solution to the MMS–CBE eqn.(14) can be written as:
f(D, t, τ) = 1
2pi
F (R, τ) + ε
2piΩk
∑
n 6=0
(
∂F
∂I
ϕn +
i
n
[F , ϕn ]
)
exp [inw]
+
ε
2pi
∞∑
n=−∞
λn(R, τ) exp [in(w − Ωkt)] + O(ε2) . (26)
Define two t–independent functions, ∆F (D, τ) and Λ(R, w, τ), by the following Fourier series:
∆F (D, τ) = 1
Ωk
∑
n 6=0
(
∂F
∂I
ϕn +
i
n
[F , ϕn ]
)
exp [inw] , (27a)
Λ(R, w, τ) =
∞∑
n=−∞
λn(R, τ) exp [inw] . (27b)
The Fourier coefficients on the right side of eqn.(27a) are completely determined by F ; they are
well–defined because n and Ωk are both non zero. We do not attempt to prove convergence of the
Fourier series, and assume that this can be checked in any particular case. In eqn.(27b) the λn
are arbitrary functions of R and τ ; they can be chosen such that the Fourier series converges and
Λ(R, w, τ) is a well-defined function of D and τ . Having obtained the MMS solution, we go back
to using a single time variable t, because we want a solution to the original problem of the full
CBE eqn.(13). In other words, τ is no longer regarded as an independent variable, but is simply
τ = εt, which is a function of the true time variable t, and the small parameter ε. Setting τ = εt
in eqn.(26), we obtain
f(D, t) = 1
2pi
F (R, εt) + ε
2pi
∆F (D, εt) + ε
2pi
Λ (R, w − Ωkt, εt) + O(ε2) . (28)
which is a solution of the full CBE eqn.(13), accurate to O(ε) over times ∼ Tsec; this can be verified
by direct substitution of eqn.(28) in eqn.(13).
The DF of eqn.(28) is the main result of this section. It is the sum of three terms: the first is
O(1) and proportional to F ; the two other terms are O(ε), and can be thought of as the small
corrections to F . Some salient points to be noted are:
1. The secular DF F is O(1), independent of the orbital phase w, and evolves over times Tsec , as
determined by the CBE eqn.(24a).
2. The first O(ε) correction is proportional to ∆F which is a fluctuating function of the orbital
phase w with zero mean. It is completely determined by F and, like F , evolves over times Tsec .
3. The second O(ε) correction is proportional to Λ which is a function of R, (w−Ωkt) and εt .
Its functional form is undetermined in our O(ε) MMS theory. However, it is important to note that
the fast time t occurs only in the form (w − Ωkt), which contributes only in a periodic manner,
with no growth or decay.
The derivation of the full DF of eqn.(28) given above makes it natural to think of the orbits
followed by individual stars, to O(1) accuracy, as slowly deforming Gaussian Rings. However, it is
also useful to see this directly from stellar orbital dynamics. This is done in Appendix A using the
standard apparatus of secular perturbation theory. There it is proved: Every stellar orbit can be
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described to O(1) accuracy as a Gaussian Ring whose dynamics is governed by the Hamiltonian,
Φ(R, τ). Superimposed on this are O(ε) oscillations on the fast time Tkep, so we may think of a
stellar orbit as a slowly evolving, ‘noisy’ Gaussian Ring.
MMS analysis is very useful because it deals directly with the DF — bypassing consideration
of individual stellar orbits — and offers the following: for a given secular evolution described by
the O(1) DF F (R, τ) in 5–dim R space, there is a full DF f(D, t) in the 6–dim D space for which
the O(ε) noise contributed by all the individual stellar orbits does not act cooperatively to give
rise to growth on the fast time scale Tkep. Hence the fluctuations remain O(ε) over the long secular
time Tsec , and the O(1) dynamics described by F is well–defined. Thus MMS provides a consistent
framework for secular dynamics, but it would be well to note that this very consistency has been
achieved at a certain cost. MMS filters out all O(1) changes over fast orbital times Tkep, and
hence the resulting description is insensitive to either fast external perturbations or instabilities.
It is generally expected that these fast phenomena would have a period of growth followed by
saturation. Further evolution — including any instability — unfolds over times ∼ Tsec. This is the
regime that is accurately described by the MMS analysis of this Section.4
4 COLLISIONLESS BOLTZMANN EQUATION FOR GAUSSIAN RINGS
Henceforth we will study the O(1) slow evolution described by the secular DF F (R, τ). To this
order the normalization of the full DF eqn.(1) implies that∫
F (R, τ) dR = 1, (29)
so we may regard F (R, τ) as a probability distribution function in 5–dim Ring space. We shall
refer to F as the Ring distribution function. The time evolution of F is described by the secular
CBE eqn.(24a), (∂F/∂τ) + [F,Φ] = 0 . We recall that Φ(R, τ) is the (scaled) orbit–averaged
self–gravitational potential of the stars which is determined self–consistently by F itself:
Φ(R, τ) =
∫
dR′ F (R′, τ)Ψ(R,R′) , (30)
where
Ψ(R,R′) = −GM•
∮ ∮
dw
2pi
dw′
2pi
1
|r − r′| (31)
is the (scaled) Ring–Ring interaction potential energy. Note that Φ is independent of ε, so the
secular evolution of eqn.(24a) has the property of mass–scale invariance: i.e. the behaviour of F
as a function of R and τ is independent of ε when ε ≪ 1 . This means that, for given MBH mass
M•, the evolution of the stellar system appears independent of its mass M , so long as M ≪ M•
and the time variable used is τ = εt. This invariance holds when every star is acted upon by the
Keplerian potentials of the MBH and all the other stars. We now add two corrections to Φ ; these
are the orbit–averaged effects of (a) relativistic corrections and (b) external perturbations.
(a) Relativistic Corrections to the gravity of the MBH introduce post–Newtonian (PN) cor-
rections, the most important ones being the 1 PN Schwarzschild precession of the apses, and the
1.5 PN Lense–Thirring precession of the apses and nodes for a spinning MBH. Both effects are
described by the relativistic (secular) Hamiltonian εHrel :
4 An example of a fast instability is the well–known axisymmetric instability (Toomre 1964) applied to a Keplerian disc. All
but the most unrealistically cold Keplerian discs would be stable by the Toomre criterion. But, as a matter of principle, we
can indeed consider a Keplerian disc cold enough to be unstable. Then a secular description would make sense only after the
instability has grown and saturated over times Tkep, leaving the disc in a warmer state that is stable to all fast modes.
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Hrel(I, L, Lz) = H
PN1(I, L) + HPN1.5(I, L, Lz) ,
HPN1(I, L) = −B1 1
I3L
with B1 =
3(GM•)
4
c2
M•
M
,
HPN1.5(I, L, Lz) = B1.5
Lz
I3L3
, with B1.5 =
2(GM•)
5
c3
M•
M
σ , (32)
We have assumed that the spin of the MBH points along the z–axis; 0 6 σ 6 1 is the spin
parameter. Note that the definitions of the constants B1 and B1.5 include the factor (M•/M) = ε
−1.
(b) External Perturbations on the stars as well as the MBH — due to nuclear density cusps
and/or slowly moving distant masses — can also be included in the secular description. Let
εΦext(R, τ) be the orbit–averaged contribution and εAext(τ) be the acceleration of the MBH.
These will contribute an orbit–averaged tidal potential εΦtid(R, τ) to the secular Hamiltonian for
a star, where
Φtid(R, τ) = Φext(R, τ) + X(R) ·Aext• (τ) , (33)
with
X(R) =
∮
dw
2pi
r(D) (34)
equal to the orbit–averaged position vector. Note that, similar to the case of relativistic perturba-
tions, Φtid has a factor ε−1 implicit in its definition.
Putting the pieces together, the general Hamiltonian for a Gaussian Ring is:
H(R, τ) = Φ(R, τ) + Hrel(I, L, Lz) + Φtid(R, τ) , (35)
with the Ring equations of motion:
I =
√
GM•a = constant ,
dL
dτ
= − ∂H
∂g
,
dg
dτ
=
∂H
∂L
;
dLz
dτ
= − ∂H
∂h
,
dh
dτ
=
∂H
∂Lz
. (36)
A secular integral of motion is a function I(R, τ) that is constant along the orbit of a Ring:5
d
dτ
I (R(τ), τ) = 0 . (37)
It is a feature of secular dynamics that I =
√
GM•a is an integral of motion for quite general and
time–dependent H(R, τ). When the Hamiltonian is time–independent, it provides a second integral
H(R).
The equation governing the evolution of the distribution of Gaussian Rings is obtained by
replacing Φ by H in eqn.(24a):
∂F
∂τ
+ [F , H ] = 0 . (38)
5 Henceforth we drop the word ‘secular’ when referring to an integral of motion.
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The time evolution is collisionless: using eqns.(36) and (38) we can verify that
dF
dτ
≡ ∂F
∂t
+
dL
dτ
∂F
∂L
+
dg
dτ
∂F
∂g
+
dLz
dτ
∂F
∂Lz
+
dh
dτ
∂F
∂h
=
∂F
∂τ
− ∂H
∂g
∂F
∂L
+
∂H
∂L
∂F
∂g
− ∂H
∂h
∂F
∂Lz
+
∂H
∂Lz
∂F
∂h
=
∂F
∂τ
+ [F , H ] = 0 , (39)
Therefore eqn.(38) describes a system of Gaussian Rings evolving collisionlessly under the combined
actions of self–gravity, relativistic corrections to the MBH’s Newtonian gravity and slow external
perturbations. It will be referred to as the Ring CBE.
The Ring Hamiltonian H of eqn.(35) is in general not independent of ε, because both Hrel and
Φtid are proportional to ε−1. Therefore the property of mass–scale invariance of the Ring CBE is in
general broken. Another important general property, valid for quite general F (R, τ) and H(R, τ),
is this: The probability for a Ring to be in (I, I + dI) is a conserved quantity. In other words the
PDF in 1–dim I–space, defined by
P (I) =
∫
dLdLz dg dhF (I, L, Lz, g, h, τ) , (40)
is independent of τ , as can be verified directly using the Ring CBE eqn.(38). The physical reason
for this is that the semi–major axis of every Ring is conserved, so the function P (I) must stay
frozen as F (R, τ) evolves over secular times. Therefore secular evolution is driven by gravitational
torques between Gaussian Rings, with no exchange of Keplerian energies.
4.1 Collisionless Boltzmann equation for Zero–thickness Flat Discs
It is useful to study the idealized case when all the Rings are confined to the xy plane. In these
zero–thickness discs, the angular momentum of every Ring points along ±zˆ, so that a Ring is
specified by its semi–major axis, angular momentum and apsidal longitude. The Ring phase space
is now 3–dim: we write R = {I, L, g}, where L stands for the angular momentum which can now
take both positive and negative values (−I 6 L 6 I ), and g is the longitude of the periapse.6 Rings
with L > 0 will be referred to as prograde and Rings with L < 0 will be referred to as retrograde.
The general time–dependent Ring DF is F (I, L, g, τ). The (scaled) orbit–averaged self–gravitational
potential, Φ(I, L, g, τ), is given in terms of F and Ψ(R,R′) by eqns.(30) and (31). To calculate
Ψ(R,R′), we express r = (x, y) in terms of the 2–dim Delaunay variables:
x = a(cos η − e) cos g ∓ a
√
1− e2 sin η sin g ,
y = a(cos η − e) sin g ± a
√
1− e2 sin η cos g , (41)
where the upper(lower) signs in the second terms on the right hand side correspond to pro-
grade(retrograde) orbits. As earlier, η is related to the mean anomaly by w = η − e sin η. Using
corresponding expressions for r′ = (x′, y′), we see that |r − r′|−1 is an explicitly known func-
tion of the Delaunay variables, D and D′, and can be averaged over w and w′. Then the secular
Hamiltonian governing Ring dynamics is:
H(I, L, g, τ) = Φ(I, L, g, τ) + Hrel(I, L) + Φtid(I, L, g, τ) , (42)
6 This is the convention for the symbols (L, g) we will always use when dealing with Ring dynamics that is confined to the xy
plane.
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where the relativistic correction,
Hrel(I, L) = −B1 1
I3|L| + B1.5
Sgn(L)
I3L2
, (43)
takes a slightly different form from eqn.(32), because we have allowed L to take both positive and
negative values for zero–thickness flat discs. The Ring equations of motion are:
I =
√
GM•a = constant ,
dL
dτ
= − ∂H
∂g
,
dg
dτ
=
∂H
∂L
. (44)
The DF satisfies the Ring CBE,
dF
dτ
=
∂F
∂τ
− ∂H
∂g
∂F
∂L
+
∂H
∂L
∂F
∂g
=
∂F
∂τ
+ [F , H ] = 0 , (45)
where the Poisson Bracket is now 2–dim, because it involves only the canonically conjugate pair
(L, g). As earlier, the probability for a Ring to be in (I, I + dI) is a conserved quantity: i.e. the
PDF in 1–dim I–space, defined by
P (I) =
∫
dLdg F (I, L, g, τ) , (46)
is independent of τ , as can be verified directly using the Ring CBE eqn.(45).
5 SECULAR COLLISIONLESS EQUILIBRIA
Secular collisionless equilibria are described by DFs F that are independent of τ ; these DFs will
also be referred to as stationary. From eqn.(38) a stationary DF must satisfy [F,H] = 0 . These
can be constructed using a secular version of Jeans theorem.
Secular Jeans theorem : Any stationary solution of the Ring CBE eqn.(38) is a function of R
only through the time–independent integrals of motion of H(R), and any function of the time–
independent integrals of H(R) is a stationary solution of eqn.(38).
Proof : This is similar to the one given in Binney & Tremaine (2008): If F is a stationary
solution of eqn.(38), then it is also an integral of motion; so the first part of the theorem is proved.
Conversely, if I1(R), . . . ,In(R) be n time–independent integrals, then any F (I1, . . . ,In) satisfies
the Ring CBE:
d
dτ
F (I1(R), . . . ,In(R)) =
n∑
m=1
∂F
∂Im
dIm
dτ
= 0 , (47)
because (dIm/dτ) = 0 for all m = 1, . . . , n . 
In practice a stronger version of the Secular Jeans theorem is used, by requiring a stationary DF
to be a function of the isolating integrals of motion. In contrast with non–secular dynamics two
isolating integrals, I and H(R), are always available in secular dynamics. Additional symmetries
can promote more isolating integrals. Hence a richer variety of stationary DFs can be constructed,
with greater ease than in non secular dynamics. Below we discuss briefly the simplest cases.
5.1 Spherical Equilibria
For a spherically symmetric stellar system around a MBH, the orbit–averaged self–gravitational
potential Φ is a function only of I and L. An external potential can be included if it is also spherically
symmetric with respect to the MBH; this causes no acceleration of the MBH, so Φtid = Φext are
also functions only of I and L. Therefore the Ring Hamiltonian of eqn.(35),
H(I, L, Lz) = Φ(I, L) + H
rel(I, L, Lz) + Φ
ext(I, L) , (48)
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is independent of the angle variables. Using eqn.(36) the orbit of a Ring is given by:
I = constant , L = constant , Lz = constant ,
dg
dτ
≡ Ω(I, L, Lz) = ∂H
∂L
; apse precession frequency ,
dh
dτ
≡ ν(I, L) = ∂H
∂Lz
=
B1.5
(IL)3
; node precession frequency . (49)
Therefore, every Ring in a spherical system has constant semi–major axis, eccentricity and in-
clination; its periapse precesses at a constant rate Ω(I, L, Lz); its ascending node precesses at a
constant, inclination–independent rate ν(I, L), due solely to 1.5 PN relativistic effects for a spin-
ning MBH. The Ring orbital dynamics is integrable, with the Delaunay actions (I, L, Lz) serving
as three isolating integrals of motion.
The Secular Jeans theorem implies that a general stationary spherical DF can be a function
of I, L and Lz . We will restrict attention to DFs which have complete spherical symmetry which
these are of the form F (I, L). It should be noted that the stellar distribution in phase space is given
explicitly to O(1), without having to solve an integral equation. Indeed, the functional dependence
on the six coordinates {r,u} is obtained by setting
I = GM•
[
2GM•
r
− u2
]−1/2
, L = |r×u| , (50)
in the DF F (I, L). Then, observationally interesting quantities — such as the radial profiles of the
surface density, the velocity dispersion tensor and the line–of–sight velocity distribution (LOSVD)
— can be calculated by direct integration of the DF. It is readily seen that the DFs F (I, L) describe
systems with zero streaming motions. The velocity dispersion tensor is in general anisotropic.
5.2 Axisymmetric Equilibria
When the stellar system is axisymmetric about the MBH with symmetry axis along zˆ, the orbit–
averaged self–gravitational potential Φ is a function of (I, L, Lz, g). An external potential can be
included if it is also axisymmetric with respect to the MBH with the same symmetry axis; this
causes no acceleration of the MBH, so Φtid = Φext are also functions only of (I, L, Lz, g). Therefore
the Ring Hamiltonian of eqn.(35) simplifies to
H(I, L, Lz , g) = Φ(I, L, Lz, g) + H
rel(I, L, Lz) + Φ
ext(I, L, Lz, g) . (51)
Using eqn.(36), the orbit of a Ring is given by
I = constant , Lz = constant ,
dg
dτ
=
∂H
∂L
,
dh
dτ
=
∂H
∂Lz
. (52)
As a Ring evolves with constant I and Lz, its eccentricity, inclination, apse and node can all vary
with time. From the Secular Jeans theorem, a general stationary axisymmetric DF must be of the
form F (I, Lz,H). Since H = Φ +H
rel + Φext is a function of (I, L, Lz , g), so is the DF. However,
to express the DF explicitly as a function of the phase space coordinates, we need to determine
Φ(I, L, Lz, g) by solving the self–consistent problem of eqns.(30) and (51):
Φ(I, L, Lz , g) =
∫
dI ′ dL′ dL′z dg
′ F (I ′, L′z,H
′)
∮
dh′Ψ(R,R′) , (53)
where H ′ = H(I ′, L′, L′z, g
′).7
7 The left side of eqn.(53) indicates that Φ is independent of h, as must be the case for any axisymmetric system. We can
check that the right side of eqn.(53) is also independent of h: the nodal longitudes occur in Ψ(R,R′) only in the combination
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The problem simplifies considerably for DFs that are of the form F (I, Lz). By replacing I and
Lz by
I = GM•
[
2GM•
r
− u2
]−1/2
, Lz = zˆ· (r×u) , (54)
we see that, just like in the spherical case, the DF is known explicitly to O(1) as a function of
{r,u}, without having to solve an integral equation. Then observationally interesting quantities
— such as the sky–maps of the surface density, the velocity dispersion tensor and the line–of–sight
velocity distribution (LOSVD) — can be calculated by direct integration of the DF.
(a) Zero–thickness Flat Discs: We recall from § 4.1 that the Ring space is now 3–dim; R =
(I, L, g), where −I 6 L 6 I is the angular momentum and g is the apsidal longitude. For an
axisymmetric disc around a MBH, the (scaled) orbit–averaged self–gravitational potential Φ is a
function only of I and L. An external potential can be included if it is also axisymmetric with
respect to the MBH; this causes no acceleration of the MBH, so Φtid = Φext are also functions
only of I and L. Therefore the Ring Hamiltonian of eqn.(42),
H(I, L) = Φ(I, L) + Hrel(I, L) + Φext(I, L) , (55)
is independent of the angle variables. Using eqn.(44) the orbit of a Ring is given by:
I = constant , L = constant ,
dg
dτ
≡ Ω(I, L) = ∂H
∂L
. (56)
Therefore, every Ring in an axisymmetric system has constant semi–major axis and eccentricity,
with its apsidal longitude precessing at the constant rate Ω(I, L). The Ring orbital dynamics is
integrable, with the Delaunay actions (I, L) serving as two isolating integrals of motion. The Secular
Jeans theorem implies that a general stationary axisymmetric DF has the form F (I, L). The stellar
distribution in phase space is given explicitly to O(1), without having to solve a self–consistent
problem. Indeed, the functional dependence on the four coordinates {x, y, ux, uy} is obtained by
setting
I = GM•
[
2GM•
r
− u2
]−1/2
, L = xuy − yux , (57)
in the DF F (I, L). Similar to 3–dim axisymmetric systems, F (I, Lz) discussed above, observa-
tionally interesting quantities — such as the velocity dispersion tensor or the LOSVD — can be
calculated by direct integration of the DF. Since L can take both positive and negative values,
a general F (I, L) describes discs with or without rotation, and generally anisotropic velocity dis-
persions. These DFs are relevant to studies such as Touma & Tremaine (2014), who solved for
maximum entropy equilibria of self–gravitating Keplerian disks (in the case where all particles
have the same semi–major axis). When F (I, L) is an even function of L, local streaming motions
are absent and the disc is non–rotating with anisotropic velocity dispersions. A special case consists
of DFs of the form F (I), which are non–rotating and have isotropic velocity dispersions.
6 PERTURBATIONS AND STABILITY OF SECULAR EQUILIBRIA
If F0(R) be a stationary DF, the Hamiltonian governing the orbits of Gaussian Rings in the unper-
turbed system is H0(R) = Φ0(R) +Hrel(I, L, Lz) + Φtid0 (R), and we must have [F0 , H0] = 0. Let
(h− h′). So, in the integral of Φ over h′, when we change the integration variable from h′ to (h′ − h), we get a quantity that
is independent of h.
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F1(R, τ) be an infinitesimal perturbation about F0. This gives rise to an infinitesimal perturbation
of the self–gravitational potential,
Φ1(R, τ) =
∫
dR′ F1(R′, τ)Ψ(R,R′) . (58)
Let the external potential also be allowed to change infinitesimally, so it contributes an additional
Φtid1 (R, τ) . Then the infinitesimal change in the Ring Hamiltonian is
H1(R, τ) = Φ1(R, τ) + Φtid1 (R, τ) . (59)
Substituting F = F0+F1 and H = H0+H1 in the Ring CBE eqn.(38), and keeping only the linear
terms, gives the linearized collisionless Boltzmann equation (LCBE):
∂F1
∂τ
+ [F1 , H0 ] + [F0 , H1 ] = 0 . (60)
Eqns.(58)—(60) define the linear integral equation for the perturbation F1(R, τ). When Φtid1 = 0,
the evolution of an infinitesimal perturbation is determined by only its self–gravity Φ1(R, τ) —
and the unperturbed flows due to H0(R) in which we have allowed for an external contribution
Φtid0 (R). The unperturbed DF F0(R) is said to be secularly stable if there is no growing solution
F1. Below we discuss two problems:
(a) Long–lived, warp–like perturbations of spherically symmetric DFs of the form F0(I, L).
(b) Axisymmetric, zero–thickness, flat discs with DFs of the form F0(I, L).
6.1 Perturbations of Spherical Equilibria
For a completely spherical unperturbed system the DF is F0(I, L), with the unperturbed Ring
Hamiltonian given by eqn.(48):
H0(I, L, Lz) = Φ0(I, L) + H
rel(I, L, Lz) + Φ
ext
0 (I, L) . (61)
From eqn.(49), the apse precession frequency is Ω(I, L, Lz) = ∂H0/∂L; and the inclination–
independent node precession frequency, ν(I, L) = B1.5(IL)
−3 , is due only to the 1.5 PN relativistic
correction for a spinning MBH. Then the LCBE of eqn.(60) can be written as:
∂F1
∂τ
+ Ω
∂F1
∂g
+ ν
∂F1
∂h
=
∂F0
∂L
∂H1
∂g
. (62)
whereH1 = Φ1+Φ
tid
1 contains the effects of the perturbed self–gravity and arbitrary external (slow)
perturbation. From this equation for the linear (secular) perturbation F1(R, τ), we can arrive at
the following general conclusion: Any growing or decaying behaviour of F1 must necessarily be g–
dependent, even in the presence of slow external perturbations of arbitrary form. To see this let us
define the g–averaged perturbed DF:
F¯1(I, L, Lz , h, τ) =
∮
dg
2pi
F1(I, L, Lz, g, h, τ) , (63)
which can be thought of as the DF for stellar orbits, each of which is smeared into an axisymmetric
annulus whose inner/outer radii are equal to the peri/apo centre distances. Averaging eqn.(62)
over g, we get
∂F¯1
∂τ
+ ν(I, L)
∂F¯1
∂h
= 0 . (64)
The general solution is
F¯1(I, L, Lz, h, τ) = Q(I, L, Lz, h− ντ) , (65)
where Q(I, L, Lz , h) is an arbitrary initial g–independent perturbation. According to eqn.(65) such
an initial condition evolves through precession of the nodes at the rate ν(I, L) without either
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growing or decaying. The nodal precession around the spin axis of the MBH will be negligible in
non–relativistic stellar systems. Then the perturbations are quasi–static, and could describe long–
lived warps in spherical nuclear clusters. Since the time evolution — in the linear regime — is
independent of arbitrary external tidal fields Φtid1 (R, τ), the perturbed DF retains memory of its
origins.
A linear perturbation must be g–dependent for it to either grow or decay. We do not investigate
these, and refer the reader to Tremaine (2005); Polyachenko, Polyachenko & Shukhman (2007)
which were discussed briefly in the Introduction. Spherical isotropic DFs of the form F0(I) are
special because the right hand side of eqn.(62) vanishes. Then the LCBE is:
∂F1
∂τ
+ Ω
∂F1
∂g
+ ν
∂F1
∂h
= 0 , (66)
Therefore an arbitrary infinitesimal perturbation of an isotropic distribution function F0(I) flows
collisionlessly along the unperturbed trajectories in R–space. The general solution of eqn.(66) is:
F1(R, τ) = Q(I, L, Lz , g − Ωτ, h− ντ) , for τ > 0 . (67)
where Q(R) = Q(I, L, Lz, g, h) is an arbitrary initial perturbation that is assumed to be given.
This implies: (a) All isotropic DFs F0(I) are secularly stable, because the perturbation evidently
is non growing; (b) The evolution of an initial perturbation is independent of H1(R, τ).
6.2 Stability of Axisymmetric Zero–thickness Flat Discs
We recall from § 4.1 that, for zero–thickness flat discs, the Ring phase space is 3–dim: R =
(I, L, g), where −I 6 L 6 I is the angular momentum, and g is the apsidal longitude. Stationary,
axisymmetric DFs are of the form F0(I, L), with the corresponding Hamiltonian of eqn.(55):
H0(I, L) = Φ0(I, L) − B1 1
I3|L| + B1.5
Sgn(L)
I3L2
+ Φext0 (I, L) , (68)
From eqn.(56) we see that, in the unperturbed system, every Ring precesses rigidly at the apse
precession rate Ω(I, L) = ∂H0/∂L . A linear perturbation, F1(R, τ), obeys the LCBE:
∂F1
∂τ
+ Ω
∂F1
∂g
=
∂F0
∂L
∂H1
∂g
, (69)
where
H1(I, L, g, τ) = Φ1(I, L, g, τ) + Φ
tid
1 (I, L, g, τ) , (70a)
Φ1(I, L, g, τ) =
∫
dI ′ dL′ dg′ Ψ(I, L, g, I ′, L′, g′)F1(I
′, L′, g′, τ) . (70b)
The linear problem posed by eqns.(69) and (70b) is still difficult to solve, because of the integral
relationship between Φ1 and F1 in eqn.(70b).
Below we derive a stability result, by exploiting the symmetry properties of the Ring–Ring
interaction potential function Ψ(R,R′). We write:
Ψ(I, L, g, I ′, L′, g′) = −GM•
∮ ∮
dw
2pi
dw′
2pi
1
|r − r′| , (71)
where r = (x, y) and r′ = (x′, y′) can be written in terms of (I, L, η, g) and (I ′, L′, η′, g′), re-
spectively, using eqn.(41); we also recall that dw = (1 − e cos η)dη, and dw′ = (1 − e′ cos η′)dη′.
The following symmetries of Ψ(R,R′) can be verified either by writing the integral in eqn.(71) in
explicit form, or more simply by thinking about the gravitational energy between two Gaussian
Rings:
P1: Ψ is a real function which is even in both L and L′ .
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P2: The apsidal longitudes g and g′ occur in Ψ only in the combination |g − g′|.
P3: Ψ is independent of both g and g′ when one of the two Rings is circular (i.e. when L = ±I or
L′ = ±I ′ or both).
P4: Ψ is invariant under the interchange of the two Rings. This can be achieved by any of the trans-
formations: {I, L} ↔ {I ′, L′} , or g ↔ g′ or both. In explicit form we have: Ψ(I, L, g, I ′, L′, g′) =
Ψ(I ′, L′, g, I, L, g′), Ψ(I, L, g, I ′, L′, g′) = Ψ(I, L, g′, I ′, L′, g), which implies that Ψ(I, L, g, I ′, L′, g′) =
Ψ(I ′, L′, g′, I, L, g).
We now focus attention on disc eigenmodes and hence set Φtid1 = 0 in eqn.(70a), so that the
perturbed Hamiltonian H1 = Φ1 is due only to the perturbed self–gravity.
8 Since the coefficients
in the LCBE of eqn.(69) are independent of the variables, g and τ , it is natural to develop the
perturbations in a Fourier series. We begin with the Fourier–expansion of the Ring–Ring interaction
potential function Ψ(R,R′) in g and g′. Using the fact that Ψ depends only on the difference of
the apsidal longitudes, we write:
Ψ(I, L, g, I ′, L′, g′) =
∞∑
m=−∞
Cm(I, L, I
′, L′) exp
[
im(g − g′)] . (72)
The symmetry properties of Ψ, given above in P1 to P4, translate to the following properties of
its Fourier coefficients:
F1: The Cm are real functions that are even in L and L
′.
F2: The Cm are even in m: i.e. Cm = C−m .
F3: When either L = ±I or L′ = ±I ′ or both, then Cm = 0 for all m 6= 0.
F4: Cm(I, L, I
′, L′) = Cm(I
′, L′, I, L).
The perturbed DF for an eigenmode with azimuthal wavenumber m and eigenfrequency ω can be
written as:
F1(I, L, g, τ) = Re {F1m(I, L) exp [i (mg − ωτ)]} . (73)
where F1,−m = F
∗
1m . To compute the corresponding perturbation in the self–gravity, we substitute
eqns.(73) and (72) in (70b). Then the perturbed Hamiltonian is
H1(I, L, g, τ) = Φ1(I, L, g, τ) = Re {Φ1m(I, L) exp [i (mg − ωτ)]} ,
Φ1m(I, L) = 2pi
∫
dI ′ dL′Cm(I, L, I
′, L′)F1m(I
′, L′) . (74)
Substituting eqns.(73) and (74) in the LCBE eqn.(69), we obtain the following linear integral
eigenvalue problem:
[mΩ(I, L) − ω ] F1m = 2pim
(
∂F0
∂L
) ∫
dI ′ dL′ Cm(I, L, I
′, L′)F1m(I
′, L′) , (75)
which must be solved to determine the eigenvalues ω and eigenfunctions F1m(I, L).
When m = 0, eqn.(75) implies that ω = 0 . Therefore all DFs of the form F0(I, L) are secularly
stable to axisymmetric perturbations. Moreover these perturbations are also time–independent,
giving rise to nearby axisymmetric equilibria. It should be noted that this does not imply these discs
are stable to fast axisymmetric instabilities: very cold discs violating the Toomre (1964) criterion
will be unstable to axisymmetric modes growing over times ∼ Tkep. As we discussed at the end of
§ 3, MMS analysis is insensitive to these fast modes. Therefore when we consider Keplerian stellar
8 However, in the unperturbed Hamiltonian H0 of eqn.(68), the external axisymmetric contribution, Φext0 (I, L), need not be
zero.
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discs, we understand that they must have velocity dispersions that are large enough to make them
stable to fast modes.
For non–axisymmetric modes withm 6= 0, the integral eigenvalue problem is, in general, difficult
to solve. However, we can prove a stability result for a class of stationary DFs. Let F0(I, L) be a
strictly monotonic function of L at fixed I. Then we can write
∂F0
∂L
= σ
∣∣∣∣∂F0∂L
∣∣∣∣ 6= 0 , (76)
where σ = +1 when F0 is an increasing function of L, and σ = −1 when F0 is a decreasing function
of L. Let us define a new eigenfunction, Xm(I, L), and a new kernel Am(I, L, I
′, L′) by
Xm(I, L) =
∣∣∣∣∂F0∂L
∣∣∣∣
−1/2
F1m(I, L) , (77a)
Am(I, L, I
′, L′) = 2pi
∣∣∣∣∂F0∂L
∣∣∣∣
1/2
Cm(I, L, I
′, L′)
∣∣∣∣∂F
′
0
∂L′
∣∣∣∣
1/2
, (77b)
where F ′0 = F0(I
′, L′). Then, for m 6= 0, the eigenvalue eqn.(75) becomes
[
Ω(I, L) − ω
m
]
Xm(I, L) = σ
∫
dI ′ dL′ Am(I, L, I
′, L′)Xm(I
′, L′) . (78)
From F2 and F4 we see that the kernel, Am(I, L, I
′, L′) is real, even in m, and symmetric under
the interchange {I, L} ↔ {I ′, L′} . Hence Am is Hermitian, and all the eigenvalues ω are real for
all m . Therefore we have proved:
• Stationary, axisymmetric discs with DFs F0(I, L) are neutrally stable to all secular perturbations
when ∂F0/∂L is of the same sign (either positive or negative) everywhere in its domain of support,
−I 6 L 6 I and Imin 6 I 6 Imax .
These secularly stable DFs can have both prograde and retrograde populations of stars because
−I 6 L 6 I . Hence the stability result applies to counter–rotating discs of stars with DFs that are
strictly monotonic (either increasing or decreasing) functions of L, at fixed I. Depending on the
sign of ∂F0/∂L, either prograde or retrograde stars dominate at every value of I . These secularly
stable stellar discs have net rotation and include physically interesting cases, such as a secular
analogue of the well–known Schwarzschild DF. We may also restate the above stability result as:
• A necessary condition for F0(I, L) to be secularly unstable is that ∂F0/∂L must vanish somewhere
in its domain of support, −I 6 L 6 I and Imin 6 I 6 Imax .
Jalali & Tremaine (2012) derived the dispersion relationship for slow modes in a collisionless disc
with a Schwarzschild DF — using the epicyclic approximation and the WKB limit — and showed
that modes of all m were stable. The stability result presented above is more general, and not
restricted to a particular DF, or the epicyclic approximation or the WKB limit. Secular insta-
bilities have been discussed in Tremaine (2005); Polyachenko, Polyachenko & Shukhman (2007).
Tremaine (2005) considered non–rotating stellar discs described by DFs F0(I, L) that are even
functions of L , and empty loss cones (F0/L nonsingular when L → 0 ). Using a variational prin-
ciple (Goodman 1988) he argued that many of them are likely to be unstable to m = 1 modes.
Polyachenko, Polyachenko & Shukhman (2007) considered mono–energetic counter–rotating discs
dominated by nearly radial orbits, with DFs equivalent to F0 ∝ δ(I − I0)A(L) , and found that
they are prone to loss cone instabilities of all m .
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7 DISCUSSION
The main results of this paper are:
• The full DF in 6–dim phase space, of a secularly evolving, collisionless Keplerian stellar system,
is given by eqn.(28). This the sum of an O(1) secular DF in a reduced 5–dim phase space, and
small fluctuations that remain of O(ε) over secular times Tsec = ε
−1Tkep .
• The slow time evolution of the secular (or Ring) DF F (R, τ) in 5–dim R–space is governed
by the Ring CBE eqn.(38), which includes the combined secular effects of the gravity of the MBH
upto 1.5 PN order, the self–gravity of all the stars, and slowly varying external sources of arbitrary
form.
The lower dimensional phase space results from the secular conservation of the semi–major axis of
every stellar orbit. From this fully nonlinear, self–consistent formulation of secular dynamics follows
a Secular Jeans theorem enabling the construction of Secular Equilibria, and problems concerning
the Linear Response and Stability of these equilibria. Secular equilibria are easier to construct
than full stellar dynamical equilibria. For instance, Jeans theorem implies that the exact DF of
a stationary, spherical, non–rotating system is of the form f(E,L). In order to determine f as a
function of the phase space coordinates, {r,u}, it is necessary to solve a self–consistent problem.
However, the secular DF for the same system, F (I, L), which differs from f only by O(ε), is known
explicitly as a function of {r,u}.
Linear secular stability of disc–like and spherical configurations has been studied earlier (Tremaine
2005; Polyachenko, Polyachenko & Shukhman 2007). Both begin with equilibria and linear pertur-
bations of the full (non–secular) problem. Having formulated an eigenvalue equation for normal
modes, they then take the slow mode — i.e. ω ∼ O(ε) — limit. In contrast we have formulated
a fully nonlinear secular theory, described by Gaussian Ring dynamics. From this theory followed
secular equilibria and development of secular linear perturbation theory. Broad conclusions were
reached about evolutions of small perturbations in spherical non–rotating systems. Tremaine (2005)
has noted that flat systems are less simple than spherical systems due to a difficulty with defining
inner–products, and the more complicated relation between mass distribution and potential. We
considered perturbations of DFs describing axisymmetric, zero–thickness flat discs, and derived a
secular integral eigenvalue problem. Even though the potential is related to the surface density in a
more complicated manner, its symmetry properties were sufficient to let us prove a stability result
for a class of physically interesting rotating DFs.
The fully nonlinear secular description of the Ring CBE is needed to go beyond linear theory.
Touma & Sridhar (2012) used a fully nonlinear secular CBE — equivalent to the Ring CBE — to
discuss the counter–rotating instability, but they did not derive the secular equation from the full
CBE, as we have done in this paper. Touma, Tremaine & Kazandjian (2009) performed numerical
simulations of secular dynamics, wherein each star is replaced by a Gaussian Ring that responds
to the torques of all the other stars. They found that the counter–rotating instability in unstable
discs saturates over times ∼ Tsec, and the discs settle into uniformly precessing equilibria. The
in–plane instability unfolds into a triaxial one, which couples radial (or eccentricity) and vertical
(or inclination) degrees–of–freedom, resulting in the dispersal of the lighter of the two counter–
rotating components into a triaxial halo in which the other, more massive, precessing, lopsided disc
is embedded. This process is the secular analogue of “violent relaxation” (Lynden–Bell 1967) and
forms a central problem in collisionless secular dynamics. The results obtained in this paper are
used directly in the papers to follow. In Paper II we formulate a theory of the resonant relaxation
of general Keplerian stellar systems, in terms of the quasi–static evolution (due to gravitational
collisions between Gaussian Rings) of the Ring DF through a sequence of collisionless equilibria,
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each of which must be dynamically stable. In Paper III we apply this theory to study the physical
kinetics of the resonant relaxation of axisymmetric discs.
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APPENDIX A: SECULAR DYNAMICS OF STELLAR ORBITS
The full DF, f(D, t) of eqn.(28), describes the collisionless behaviour of N ≫ 1 stars around a
MBH. The orbit of a test star that belongs to this DF is governed by the Hamiltonian Horg of
eqn.(6). Horg is the sum of three terms: of these the one containing A• vanishes to O(ε) accuracy
(see eqn.20); the Kepler energy is Ek(I) = −1/2 (GM•/I)2; and the self–gravitational potential is
− εGM•
∫
f(D′, t)
|r − r′| dD
′ = −εGM•
∫
F (R′, εt) dR′
∮
dw′
2pi
1
|r − r′| + O(ε
2)
= εΦ(R, εt) + ε
∑
n 6=0
ϕn(R, εt) exp [inw] + O(ε2) , (A1)
where we have used eqns.(16) and (17). Hence, to O(ε) accuracy,
Horg(D, t) = Ek(I) + εΦ(R, εt) + ε
∑
n 6=0
ϕn(R, εt) exp [inw] , (A2)
depends on all six Delaunay variables, but has only slow variations with time. Therefore it is natural
to want to use τ = εt as the time variable, instead of t. The equations of motion are invariant
under the rescaling, {t , Horg} → {τ = εt , H ′org = ε−1Horg}. We have:
H ′org(D, τ) =
Ek(I)
ε
+ Φ(R, τ) +
∑
n 6=0
ϕn(R, τ) exp [inw] . (A3)
The next step makes use of a near–identity canonical transformation from old to new Delaunay
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variables, D → D′ ≡ {I ′, L′, L′z;w′, g′, h′}, through the mixed–variable generating function,
S0(I ′, L′, L′z;w, g, h; τ) = I ′w + L′g + L′zh + εS(I ′, L′, L′z;w, g, h; τ) . (A4)
The old actions (I, L, Lz) and new angles (w
′, g′, h′) are given by:
I = I ′ + ε
∂S
∂w
, L = L′ + ε
∂S
∂g
, Lz = L
′
z + ε
∂S
∂h
,
w′ = w + ε
∂S
∂I ′
, g′ = g + ε
∂S
∂L′
, h′ = h + ε
∂S
∂L′z
. (A5)
Hence D and D′, the old and new variables, differ only by O(ε). The new Hamiltonian governing
the dynamics of D′ is:
H
′′
org(D′, τ) = H ′0(D, τ) + ε
∂S
∂τ
=
Ek(I)
ε
+ Φ(R, τ) +
∑
n 6=0
ϕn(R, τ) exp [inw] + ε∂S
∂τ
. (A6)
We need to express the right hand side in terms of the new variables D′, and keep only the O(1)
terms. The first term can be expanded as:
Ek(I)
ε
=
1
ε
Ek
(
I ′ + ε
∂S
∂w
)
=
Ek(I
′)
ε
+ Ωk(I
′)
∂S ′
∂w′
+ O(ε) ,
where S ′(D′) = S(I ′, L′, L′z;w′, g′, h′; τ) is a function only of the new variables, obtained by re-
placing the old angles (w, g, h) in S by the new ones (w′, g′, h′); this is legitimate, because, by
eqns.(A5), the old and new variables differ only by O(ε). For the same reason, in the two O(1)
terms, we can replace D by D′. Then
H
′′
org(D′, τ) =
Ek(I
′)
ε
+ Ωk(I
′)
∂S ′
∂w′
+ Φ(R′, τ) +
∑
n 6=0
ϕn(R′, τ) exp [inw′] + O(ε) . (A7)
We now choose S ′ such that all the w′–dependent terms on the right hand side cancel. This amounts
to choosing the mixed variable generating function,
S(I ′, L′, L′z;w, g, h; τ) = −
1
Ωk(I ′)
∑
n 6=0
1
in
ϕn(I
′, L′, L′z, g, h, τ) exp [inw] . (A8)
S is well–defined, since Ωk(I ′) and n are non–zero. Note that the degeneracy of the Kepler problem
has prevented the occurrence of small denominators. Then the Hamiltonian for the dynamics of D′
is:
H
′′
org(D′, τ) =
Ek(I
′)
ε
+ Φ(R′, τ) + O(ε) . (A9)
with the corresponding equations of motion:
dI ′
dτ
= O(ε) ,
dw′
dτ
=
Ωk(I
′)
ε
+
∂Φ
∂I ′
+ O(ε) ;
dL′
dτ
= − ∂Φ
∂g′
+ O(ε) ,
dg′
dτ
=
∂Φ
∂L′
+ O(ε) ;
dL′z
dτ
= − ∂Φ
∂h′
+ O(ε) ,
dh′
dτ
=
∂Φ
∂L′z
+ O(ε) . (A10)
The dominant behaviour of the orbital phase w′ is rapid circulation at the Kepler orbital rate,
(Ωk/ε). Superposed on this are two kinds of modulations; a slow O(1) variation and a fast O(ε)
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oscillation. The other five variables, R′ = (I ′, L′, L′z, g′, h′), behave like Gaussian Rings with ad-
ditional fast O(ε) oscillations: to O(1) accuracy, I ′ is constant, while the other four variables,
(L′, L′z; g
′, h′), vary over secular time scales with Φ(R′, τ) acting as the Hamiltonian for their dy-
namics. This is just the dynamics of R′ in the orbit–averaged self–gravitational potential. Since,
by eqn.(A5), R and R′ differ only by O(ε), the old R variables also have O(1) slow dynamics
governed by the Hamiltonian Φ(R, τ) plus O(ε) fast oscillations. Therefore a stellar orbit in a
Keplerian stellar system can be thought of as a secularly evolving, “noisy” Gaussian Ring. 
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